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ON THE CONNECTIVITY OF THE BRANCH AND REAL LOCUS OF M0,[n+1]
YASMINA ATARIHUANA AND RUBE´N A. HIDALGO
Abstract. If n ≥ 3, then moduli spaceM0,[n+1], of isomorphisms classes of (n+1)-marked
spheres, is a complex orbifold of dimension n − 2. Its branch locus B0,[n+1] consists of the
isomorphism classes of those (n + 1)-marked spheres with non-trivial group of conformal
automorphisms. We prove that B0,[n+1] is connected if either n ≥ 4 is even or if n ≥ 6 is
divisible by 3, and that it has exactly two connected components otherwise. The orbifold
M0,[n+1] also admits a natural real structure, this being induced by the complex conjugation
on the Riemann sphere. The locus M0,[n+1](R) of its fixed points, the real points, consists
of the isomorphism classes of those marked spheres admitting an anticonformal automor-
phism. Inside this locus is the real locus MR
0,[n+1]
, consisting of those classes of marked
spheres admitting an anticonformal involution. We prove that MR
0,[n+1]
is connected for
n ≥ 5 odd, and that it is disconnected for n = 2r with r ≥ 5 is odd.
1. Introduction
Let g ≥ 0 and n ≥ −1 be integers such that 3g − 2 + n > 0 (so, for g = 0, we have
n ≥ 3). The moduli space Mg,[n+1], of isomorphism classes of (n + 1)-marked Riemann
surfaces of genus g, is a complex orbifold of dimension 3g − 2 + n. Its branch locus
Bg,[n+1] ⊂ Mg,[n+1] consists of the isomorphism classes of those admitting non-trivial con-
formal automorphisms. In [1] it was proved that Bg,[0] ⊂ Mg,[0] = Mg is connected only
for g ∈ {3, 4, 13, 17, 19, 59}. The complex orbifold Mg,[n+1] also admits a natural anti-
holomorphic automorphism of order two (a real structure) which is induced by the usual
complex conjugation. The locusMg,[n+1](R) ⊂ Mg,[n+1] of fixed points (the real points) of
such a real structure consists of the isomorphic classes of those admitting anticonformal
automorphisms. LetMR
g,[n+1]
⊂ Mg,[n+1](R) be the sublocus of those classes having a rep-
resentative admitting an anticonformal involution (equivalently, the representative being
definable over the reals). In [5, 6, 26] it has been proved that MR
g,[0]
⊂ Mg is connected.
In [10] it was proved thatMg,[0](R) ⊂ Mg is also connected but thatMg,[0](R) \ MRg,[0] is
not in general connected. In this paper, for each n ≥ 3, we study the connectivity of both
B0,[n+1] andMR0,[n+1].
Torelli space M0,n+1 is the moduli space of isomorphisms classes of ordered (n + 1)-
marked spheres. The mapping class group Mod0,[n+1] induces an action of the symmetric
group Sn+1 as a group Gn of holomorphic automorphisms of M0,n+1 (called the Torelli
group) andM0,[n+1] =M0,n+1/Sn+1. If n = 3, thenM0,4 can be identified with the orbifold
whose underlying space is Ω3 = C \ {0, 1} and all of its points being conical points of
order 4. In this case, G3  S3 (the action of S4 on M0,4 is not faithful as it contains a
normal subgroup K3  C
2
2
acting trivially). In particular, B0,[4] = M0,[4]. The quotient
orbifold Ω3/G3 can be identified with the complex plane C with two cone points, one of
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order two and the other of order three, (the two cone points corresponds exactly to those 4-
marked spheres whose of conformal automorphisms is bigger than C2
2
). Also,MR
0,[4]
= R.
If n ≥ 4, then M0,n+1 can be identified with the domain Ωn ⊂ Cn−2 consisting of those
tuples (z1, . . . , zn−2), where z j ∈ Ω3 and zi , z j for i , j. In this case, Gn  Sn+1
acts faithfully as the full group of holomorphic automorphisms of M0,n+1 [24, 11] and
Ωn/Gn = M0,[n+1]. If Sing0,[n+1] ⊂ M0,[n+1] is the locus of non-manifold points, then: (i)
for n ≥ 6, Sing0,[n+1] = B0,[n+1] [21] and (ii) for n ∈ {4, 5}, the singular locus consists of
exactly one point [17]. If, for T ∈ Gn \ {I}, we denote by Fix(T ) ⊂ Ωn the locus of its fixed
points, then in [25] it was observed that, for Fix(T ) , ∅ (which might not be connected),
its projection to M0,[n+1] is connected. We obtain the following connectivity of B0,[n+1],
whose proof is provided in Section 3.1.
Theorem 1. The branch locus B0,[n+1] is connected if either (i) n ≥ 4 is even or (ii) n ≥ 6
is divisible by 3. It has exactly two connected components otherwise.
In Section 4 we deal with the locusM0,[n+1](R), which is given by the projection of those
points being fixed by some antiholomorphic automorphism ofΩn (the real locusMR0,[n+1] is
the projection of those points in Ωn being fixed by a symmetry, that is, an antiholomorphic
involution). So, the points in the complement M0,[n+1](R) \ MR0,[n+1] are the isomorphic
classes of those points having antiholomorphic automorphisms but no symmetries in their
stabilizers. The next summarizes the main results at this point.
Theorem 2. If n ≥ 4, then the following hold.
(1) The space Ωn has exactly [(n + 3)/2] symmetries.
(2) The locus of fixed points of a symmetry of Ωn is non-empty and each of its con-
nected components is a real submanifold of real dimension n − 2.
(3) If n is even, then the projection inM0,[n+1] of the locus of fixed points of a symmetry
of Ωn is a connected real orbifold of dimension n − 2. If n is odd, then the same
holds for a symmetry, with the exception of those conjugated to
S (z1, . . . , zn−2) =
(
z1,
z1
z3
,
z1
z2
,
z1
z5
,
z1
z4
, . . . ,
z1
zn−2
,
z1
zn−3
)
,
for which the projection of its fixed points has two connected components, each
one intersecting the projection of fixed points of the symmetry J(z1, . . . , zn−2) =
(z1, . . . , zn−2).
(4) The real locus MR
0,[n+1]
is connected for n ≥ 5 odd and it is not connected for
n = 2r, r ≥ 5 odd. If p ≥ 5 is a prime, then MR
0,[2p+1]
has exactly (p − 1)/2
connected components.
Part (2) is given by Proposition 1 and part (3) by Proposition 2. The projection of the
locus of fixed points of a symmetry is called an irreducible component ofMR
0,[n+1]
(some
special care must be taken for the special type of symmetry S as described in part (3)).
Proposition 3 states a necessary and sufficient condition for two irreducible components to
intersect, which permits to obtain part (4) (Propositions 4 and 5). In the case that n = 4p,
where p ≥ 2 is a prime, the conditions of Proposition 3 permits to check that MR
0,[n+1]
is
connected when p ∈ {2, 3, 5} but it is disconnected for p ≥ 7 (Proposition 6). For n = 4r,
where r ≥ 1 is odd but different from a prime, it happens that MR
0,[n+1]
is connected for
r ∈ {1, 9, 15, 21, 27, 33} and it is not connected for r ∈ {25, 35}.
1.1. Some applications.
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1.1.1. Hyperelliptic Riemann surfaces. If n = 2g + 1, where g ≥ 2, then the moduli space
M0,[n+1] can be identified with the moduli space Hg of hyperelliptic Riemann surfaces
of genus g. The branch locus B0,[n+1] consists of those hyperelliptic Riemann surfaces
admitting more conformal automorphisms than the hyperelliptic one. The description of
the groups of conformal automorphisms of hyperelliptic Riemann surfaces can be found in
[4]. Theorems 1 and 2 assert the following simple fact.
Corollary 1. The locus in Hg, consisting of those hyperelliptic Riemann surfaces admit-
ting more conformal automorphisms than the hyperelliptic one, is connected if 2g + 1 is
divisible by 3 and it has exactly two connected components otherwise. The real locus in
Hg is connected.
The above result is related to the ones obtained in [9] by Costa, Izquierdo and Porto,
where they prove that the hyperelliptic branch locus of orientable Klein surfaces of alge-
braic genus g ≥ 2 with one boundary component is connected (in the case of non-orientable
Klein surfaces they proved that it has (g+ 1)/2 components, if g is odd, and (g+ 2)/2 com-
ponents otherwise).
1.1.2. Generalized Fermat curves. A closed Riemann surface S is called a generalized
Fermat curve of type (k, n), where k, n ≥ 2 are integers, if it admits a group H  Cn
k
of
conformal automorphisms such that the quotient orbifold S/H has genus zero and exactly
n + 1 cone points, each one necessarily of order k; we say that H is a generalized Fermat
group of type (k, n). If (k − 1)(n − 1) > 2, then in [12] it was observed that S is non-
hyperelliptic and in [16] it was proved that S has a unique generalized Fermat group of
type (k, n). The uniqueness fact, in particular, asserts that M0,[n+1] can be identified with
the moduli space Fk,n of generalized Fermat curve of type (k, n) and that the branch locus
B0,[n+1] consists of those admitting more conformal automorphisms than the generalized
Fermat group of type (k, n).
Corollary 2. For (k − 1)(n − 1) > 2, the locus in Fk,n, consisting of those admitting more
conformal automorphisms than the generalized Fermat group of the (k, n), is connected for
n ≥ 4 even and for n ≥ 6 divisible by 3, and it has exactly two connected components
otherwise. Its real locus is connected for n ≥ 5 odd, and it is not connected for n = 2r,
r ≥ 5 odd.
Remark 1. As it was mentioned to us by one of the referees, the results can be applied
as well to the more unknown (and difficult to work with) generic p-gonal curves, simple
generic p-gonal curves [7, 8, 19, 15].
Notation 1. Throughout this paper we denote byCn the cyclic group of order n, by C
m
n the
direct product of m copies of Cn, by Dm the dihedral group of order 2m, byA4 andA5 the
alternating groups of orders 12 and 60, respectively, and by Sn the symmetric group in n
symbols. We will denote by the symbol ϕ(m) the Euler function of an integer m. Also, for
an integer r ≥ 2, we set ωr = e2pii/r. We use multiplication of permutations from the left.
2. Preliminaries
2.1. The moduli and Torelli spaces of marked surfaces. Let g, n ≥ 0 be integers such
that 3g−2+n > 0, S 0 be a closed orientable surface of genus g ≥ 0 and let p1, . . . , pn+1 ∈ S 0
be (n+1) fixed points. A marking of S 0 is a pair (S , φ), where S is a closed Riemann surface
of genus g and φ : S 0 → S is an orientation-preserving homeomorphism. Two markings
(S 1, φ1) and (S 2, φ2) are equivalent if there is an biholomorphism ψ : S 1 → S 2 such that
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φ−1
2
◦ψ◦φ1 : S 0 → S 0 fixes each of the points p j and it is homotopic to the identity relative
the set {p1, . . . , pn+1}. The Teichmu¨ller space Tg,n+1 is the set of equivalence classes of the
abovemarkings, which is known to be a simply-connected complexmanifold of dimension
3g−2+n [20]. Let Hom+(S 0; {p1, . . . , pn+1}) be the group of orientation-preserving homeo-
morphisms of S 0 keeping the set {p1, . . . , pn+1} invariant, and let Hom+(S 0; (p1, . . . , pn+1))
be its normal subgroup consisting of those orientation-preserving homeomorphisms of S 0
fixing each of the points p j, j = 1, . . . , n + 1. The subgroup Hom0(S 0; (p1, . . . , pn+1)) of
Hom+(S 0; (p1, . . . , pn+1)) consisting of those being homotopic to the identity relative to the
set {p1, . . . , pn+1} is a normal subgroup of Hom+(S 0; {p1, . . . , pn+1}). The quotient groups
Modg,[n+1] = Hom
+(S 0, {p1, . . . , pn+1})/Hom0(S 0; (p1, . . . , pn+1))
Modg,n+1 = Hom
+(S 0, (p1, . . . , pn+1))/Hom0(S 0; (p1, . . . , pn+1))
are, respectively, the modular group and the pure modular group of (S 0, {p1, . . . , pn+1}).
These groups act properly discontinuously on Tg,n+1 as group of holomorphic automor-
phisms. By results of Royden [24] (for n = −1 and g ≥ 2) and Earle-Kra [11] (for n ≥ 0
and 2g + n ≥ 4), the group Modg,[n+1] is the full group of holomorphic automorphisms of
Tg,n+1. The quotient spaces Mg,[n+1] = Tg,n+1/Modg,[n+1] and Mg,n+1 = Tg,n+1/Modg,n+1
are, respectively, the moduli and the Torelli spaces of (n + 1)-marked surfaces of genus g
[2, 3, 23], both being complex orbifolds of dimension 3g − 2 + n (see, for instance, [20]).
The quotient group Modg,[n+1]/Modg,n+1  Sn+1, acts as a group of (orbifold) automor-
phisms of Mg,n+1 (also called the Torelli modular group) with quotient orbifoldMg,[n+1].
Some details on the above can be found, for instance, in [13, 14, 20, 25].
2.2. The moduli and Torelli spaces of marked spheres. Assume g = 0 and n ≥ 3. It
is known that, Mod0,n+1 acts freely on T0,n+1, so the Torelli space M0,n+1 is a complex
manifold of dimension n − 2. For n ≥ 4, the branch locus B0,[n+1] ⊂ M0,[n+1] corresponds
to the projection of the points of M0,n+1 with non-trivial Mod0,[n+1]/Mod0,n+1-stabilizer.
For n = 3 the group S4  Mod0,[4]/Mod0,4 acts in a non-faithful manner onM0,4 (in fact,
every point inM0,4 has non-trivial stabilizer) so B0,[4] =M0,[4].
Remark 2. Igusa [17] observed, by using the invariants of the binary sextics, thatM0,[6]
can be seen as the quotient of C3 by the action of the cyclic group of order five 〈(x, y, z) 7→
(ω5x, ω
2
5
y, ω3
5
z)〉, where ω5 = e2pii/5. Using invariants of binary quintics, it can also be ob-
tained thatM0,[5] is the quotient of C2 by the cyclic group of order two 〈(x, y) 7→ (−x,−y)〉.
In [21] it was observed that, for n ≥ 6, the moduli space M0,[n+1] cannot be seen as the
quotient of Cn−2 by the action of a finite linear group.
Next, we proceed to recall a natural model Ωn ⊂ Cn−2 for M0,n+1 together with an
explicit form of its automorphisms (see, for instance, [21]). Let Xn ⊂ Ĉn+1 be the con-
figuration space of ordered (n + 1)-tuples whose coordinates are pairwise different. Two
tuples (p1, . . . , pn+1), (q1, . . . , qn+1) ∈ Xn are equivalent if there is a Mo¨bius transformation
M ∈ PSL2(C) such that M(p j) = q j, for j = 1, . . . , n + 1. As for (p1, . . . , pn+1) ∈ Xn, there
is a (unique) Mo¨bius transformation M such that M(p1) = ∞, M(p2) = 0 and M(p3) = 1,
each (p1, . . . , pn+1) is equivalent to a unique one of the form (∞, 0, 1, λ1, . . . , λn−2). It fol-
lows that the quotient space Xn/PSL2(C) can be identified with
Ωn = {(z1, . . . , zn−2) : z j ∈ C \ {0, 1}, zi , z j} ⊂ Cn−2.
By the uniformization theorem, each point of T0,n+1 is the class of a pair of the form
(Ĉ, φ), where φ : Ĉ→ Ĉ is an orientation-preserving homeomorphism that fixes∞, 0, 1, so
we may identifyM0,n+1 with Ωn. The permutation action of Sn+1 on the coordinates of the
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tuples (p1, . . . , pn+1) ∈ Xn is transported to the action of a group Gn of holomorphic auto-
morphisms of Ωn, as describe below. Let us fix some σ ∈ Sn+1. Each point (z1, . . . , zn−2) ∈
Ωn corresponds to the ordered tuple (p1 = ∞, p2 = 0, p3 = 1, p4 = z1, . . . , pn+1 = zn−2) ∈
Xn. We now consider the new tuple (pσ−1(1), . . . , pσ−1(n+1)) ∈ Xn. There is a unique Mo¨bius
transformation Mσ,λ such that Mσ,λ(pσ−1(1)) = ∞, Mσ,λ(pσ−1(2)) = 0 and Mσ,λ(pσ−1(3)) = 1;
this given as
Mσ,λ(x) =
(x − pσ−1(2))(pσ−1(3) − pσ−1(1))
(x − pσ−1(1))(pσ−1(3) − pσ−1(2))
.
As
(
Mσ,λ(pσ−1(4)), . . . ,Mσ,λ(pσ−1(n+1))
)
∈ Ωn, the map
Θn(σ) := Tσ : Ωn → Ωn : (z1, . . . , zn−2) 7→
(
Mσ,λ(pσ−1(4)), . . . ,Mσ,λ(pσ−1(n+1))
)
,
is an holomorphic automorphism ofΩn. This procedure provides of a surjective homomor-
phism (we are using multiplication of permutations from the left)
Θn : Sn+1 → Gn = 〈A, B〉 : σ 7→ Tσ,
where A = Θn((1, 2)) and B = Θn((1, 2, . . . , n + 1)). It can be checked that
A (z1, . . . , zn−2) =
(
1
z1
, . . . ,
1
zn−2
)
, B (z1, . . . , zn−2) =
(
zn−2
zn−2 − 1 ,
zn−2
zn−2 − z1 , . . . ,
zn−2
zn−2 − zn−3
)
,
If n = 3, then K3 := ker(Θ3) = {e, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}  C22; so G3  S3.
For n ≥ 4 the kernel ofΘn is just the trivial group; soGn Θn Sn+1. In fact, this observation
asserts that the correct model for M0,4 is the orbifold whose underlying space is Ω4, but
each of its points is a conical point of order 4.
As Gn is the full group of holomorphic automorphisms of Ωn, every antiholomorphic
automorphism of it has the form T ◦ J, where T ∈ Gn and J(z1, . . . , zn−2) = (z1, . . . , zn−2).
The symmetries of Ωn are those anticonformal automorphisms of order two. In particular,
J is a symmetry. As J commutes with every element of Gn, the symmetries ofΩn are those
of the form T ◦ J, where T 2 = I. Summarizing all the above is the following.
Lemma 1. Let n ≥ 3, Gn = 〈A, B〉 and Θn : Sn+1 → Gn : σ 7→ Tσ be the surjective
homomorphism as defined above. Then
(1) ker(Θ3) = {e, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}  C22 and G3  S3 is the full
group of holomorphic automorphisms of Ω3;
(2) if n ≥ 4, Gn Θn Sn+1 is the full group of holomorphic automorphisms of Ωn.
(3) The antiholomorphic automorphisms of Ωn are those of the form T ◦ J, where
T ∈ Gn. Those of order two are for which T 2 = I.
(4) The quotient orbifold Ωn/Gn is a model for the moduli spaceM0,[n+1].
In the rest of the paper we use the model M0,n+1 = Ωn and we fix a regular branched
cover pin : Ωn → Ωn/Gn with deck group Gn.
3. On the connectivity of the branch locus for n ≥ 4
From now on, we assume n ≥ 4. The branch locus B0,[n+1] ⊂ Ωn/Gn consists of the
images under pin of those points with non-trivialGn-stabilizer. For λ = (λ1, . . . , λn−2) ∈ Ωn,
we set
Cλ = {p1 = ∞, p2 = 0, p3 = 1, p4 = λ1, . . . , pn+1 = λn−2},
we denote by G+
λ
be the group of Mo¨bius transformations keeping invariant the set Cλ,
and by Gλ the group generated by G
+
λ
and those extended Mo¨bius transformations (com-
positions of complex conjugation with a Mo¨bius transformation) keeping invariant Cλ (so
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either Gλ = G
+
λ
or [Gλ : G
+
λ
] = 2). As the cardinality of Cλ is bigger than three, it fol-
lows that Gλ is finite. For the generic case, Gλ is trivial and in the non-generic case, G
+
λ
is
isomorphic to either a cyclic group Cm, a dihedral group Dm (of order 2m), an alternating
groupA4 or A5 or the symmetric group S4. If Gλ , G+λ , then Gλ is isomorphic to either
Dm, Cm ×C2, Dm ⋊ C2,A4 ×C2,A5 ×C2, S4 or S4 ×C2.
As already seen in the previous section, for each σ ∈ Sn+1, such that Θn(σ) ∈ Gn fixes
λ ∈ Ωn, there is a (unique) Mo¨bius transformation Mσ,λ ∈ G+λ . In the other direction, each
M ∈ G+
λ
induces a permutation σM ∈ Sn+1 by the following rule:(
M(pσ−1
M
(1)), . . . ,M(pσ−1
M
(n+1))
)
= (p1, . . . , pn+1) ,
that is, M = MσM ,λ. The above provides of an injective homomorphism
ξλ : G
+
λ → Sn+1 : M 7→ σM ,
that, after post-composing it with the isomomorphismΘn : Sn+1 → Gn, defines an injective
homomorphism
Θn ◦ ξλ : G+λ → Gn : M 7→ Θn(ξλ(M)) = Θn(σM)
whose image is the Gn-stabilizer, StabGn(λ), of the point λ = (λ1, . . . , λn−2).
Remark 3. The above (where n ≥ 4) permits to observe the following facts (see also [25]).
(1) Let σ ∈ Sn+1 be different from the identity permutation and T = Θn(σ) ∈ Gn. It
follows that T has order m ≥ 2 and it has fixed points in Ωn if and only if σ is in
the conjugacy class of one of the following permutations.
(1.a) (1, 2, . . . ,m)(m+1, . . . , 2m) · · · (rm+1, . . . , (r+1)m), where n = (r+1)m−1,
some r ∈ {0, 1, . . .}.
(1.b) (1, 2, . . . ,m)(m+1, . . . , 2m) · · · (rm+1, . . . , (r+1)m)(n+1),where n = (r+1)m,
some r ∈ {0, 1, . . .}.
(1.c) (1, 2, . . . ,m)(m + 1, . . . , 2m) · · · (rm + 1, . . . , (r + 1)m)(n)(n + 1), where n =
(r + 1)m + 1, some r ∈ {0, 1, . . .}.
(2)(2.a) If n + 1 ≡ δ mod (m), where δ ∈ {0, 1, 2}, then we may find λ ∈ Ωn with
StabGn(λ)  Cm.
(2.b) If n + 1 = 2mr + mδ1 + δ2, where δ1 ∈ {0, 1, 2} and δ2 ∈ {0, 2}, then we may
find λ ∈ Ωn with StabGn(λ)  Dm.
(2.c) If n + 1 = 12r + 6δ1 + 4δ2, where δ1 ∈ {0, 1} and δ2 ∈ {0, 1, 2}, then we may
find λ ∈ Ωn with StabGn(λ)  A4.
(2.d) If n + 1 = 24r + 12δ1 + 8δ2 + 6δ3, where δ1, δ2, δ3 ∈ {0, 1}, then we may find
λ ∈ Ωn with StabGn(λ)  S4.
(2.e) If n + 1 = 60r + 30δ1 + 20δ2 + 12δ3, where δ1, δ2, δ3 ∈ {0, 1}, then we may
find λ ∈ Ωn with StabGn(λ)  A5.
Example 1. For n = 4, consider the order five automorphism B = Θ4(σ), where σ =
(1, 2, 3, 4, 5). Then,
B(z1, z2) =
(
z2
z2 − 1 ,
z2
z2 − z1
)
∈ G4,
Fix(B) =
λ :=
1 +
√
5
2
,
3 +
√
5
2
 , µ :=
1 −
√
5
2
,
3 − √5
2

 ⊂ Ω4.
The order four element
S (z1, z2) =
(
1
1 − z2 ,
z1 − 1
z2 − 1
)
∈ G4
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satisfies that S ◦ B ◦ S −1 = B3 and it permutes λ with µ. Each of these two points is
stabilized by the dihedral group 〈B, S 2〉  D5.
As observed in the above example, for an element T ∈ Gn different from the identity
and with fixed points in Ωn, it might happen that its locus of fixed points is non-connected.
But the two components (two points) are G4-equivalent. In [25] Schneps proved that the
connected components of the locus of fixed points of T (each one a complex submanifold)
forms an orbit under the action of the normalizing subgroup of 〈T 〉 inGn (for completeness,
we provide a sketch of the proof since in [25] it is explicitly given only one of the cases).
Theorem 3. For n ≥ 4, let Θn(σ) = T ∈ Gn, of order m ≥ 2 and Fix(T ) , ∅. Let r + 1,
where r ≥ 0, be the number of cycles of length m in the decomposition of σ (as in Remark
3). Then the following hold.
(1) Each connected component of Fix(T ) is a complex submanifold ofΩn of dimension
r.
(2) If m = 2, then Fix(T ) is connected.
(3) If m ≥ 3, then Fix(T ) has exactly: (i) ϕ(m)/2 connected components if m divides
n + 1, and (ii) ϕ(m) connected components otherwise. Moreover, if F1 and F2 are
any two of the connected components, then there is an element S ∈ Gn, normaliz-
ing 〈T 〉, such that S (F1) = F2.
Proof. Let σ ∈ Sn+1 be such that T = Θn(σ). Up to conjugation, we may assume that σ
has one of the forms (see (1) of Remark 3)
(1) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m), if n = (r + 1)m − 1.
(2) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m)(n + 1), if n = (r + 1)m.
(3) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m)(n)(n+ 1), if n = (r + 1)m + 1.
Note that, for m ≥ 3, only one of these possibilities may happen. For m = 2, both cases
(1) and (3) happen for n odd and case (2) only happens for n even.
The image of a point λ = (λ1, . . . , λn−2) ∈ Ωn under T is given by
T (λ1, . . . , λn−2) =
(
Mσ,λ(pσ−1(4)), . . . ,Mσ,λ(pσ−1(n+1))
)
,
where Mσ,λ is the (unique) Mo¨bius transformation with Mσ,λ(pσ−1(1)) = ∞, Mσ,λ(pσ−1(2)) =
0, Mσ,λ(pσ−1(3)) = 1 and p1 = ∞, p2 = 0, p3 = 1, p4 = λ1, . . . , pn+1 = λn−2. Moreover,
ξλ(Mσ,λ) = σ. In this way, Fix(T ) consists of the tuples (λ1, . . . , λn−2) ∈ Ωn such that the
set Cλ = {∞, 0, 1, λ1, . . . , λn−2} is kept invariant under Mσ,λ.
Case m = 2. Let us consider a point λ ∈ Fix(T ). In this case, Mσ,λ(x) = λ1/x, whose set
of fixed points is Fix(Mσ,λ) =
{
±√λ1
}
.
Case (1), that is, n − 1 = 2r, where r ≥ 2. We must have λ2 j+1 = λ1/λ2 j, for j =
1, . . . , (n − 3)/2. So, the locus Fix(T ) is homeomorphic to Ωr+2 by identifying the tuple
(λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) with the tuple (λ1, λ3, λ5, . . . , λn−2) ∈ Ωr+2.
Case (2), that is, n − 2 = 2r, where r ≥ 1. We must have λ2 j+1 = λ1/λ2 j, for j =
1, . . . , (n − 4)/2 and λn−2 ∈
{
±√λ1
}
. We can move continuously λ1 around the origin to
pass from one of its squre roots to the other. So, the locus Fix(T ) is connected and provides
a two fold cover of Ωr+2 by projecting the tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) to the tuple
(λ1, λ3, λ5, . . . , λn−3) ∈ Ωr+2.
Case (3), that is, n − 3 = 2r, where r ≥ 1. We must have λ2 j+1 = λ1/λ2 j, for
j = 1, . . . , (n − 5)/2 and λn−3, λn−2 ∈
{
±√λ1
}
. Similarly as above, we may move con-
tinuously λ1 around the origin to pass from one of its squre roots to the other. So, the locus
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Fix(T ) is again connected and provides a two fold cover of Ωr+2 by projecting the tuple
(λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) to the tuple (λ1, λ2, λ4, . . . , λn−4) ∈ Ωr+2.
Case m = 3. Let us consider a point λ ∈ Fix(T ). In this case, Mσ,λ(x) = 1/(1 − x), whose
set of fixed points is Fix(Mσ,λ) =
{
(1 ± i√3)/2
}
.
Case (1), that is, n − 2 = 3r, where r ≥ 1. We must have λ3 j−2 = 1/(1 − λ3 j) and
λ3 j−1 = (λ3 j − 1)/λ3 j, for j = 1, . . . , (n − 2)/3. So, the locus Fix(T ), in this case, is
homeomorphic to Ωr+2 by identifying the tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) with the
tuple (λ3, λ6, λ9, . . . , λn−2) ∈ Ωr+2.
Case (2), that is, n−3 = 3r, where r ≥ 1. We must have we must have λ3 j−2 = 1/(1−λ3 j)
and λ3 j−1 = (λ3 j − 1)/λ3 j, for j = 1, . . . , (n − 3)/3 and λn−2 ∈
{
(1 ± i
√
3)/2
}
. We can
identify a tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) with the tuple (λ3, λ6, λ9, . . . , λn−3, λn−2) ∈
Ωr+2 ×
{
(1 ± i
√
3)/2
}
. This provides two connected components, each one homeomorphic
with Ωr+2, these being permuted by the generator A in Lemma 1.
Case (3), that is, n − 4 = 3r, where r ≥ 0. We must have λ3 j−2 = 1/(1 − λ3 j) and
λ3 j−1 = (λ3 j − 1)/λ3 j, for j = 1, . . . , (n − 4)/3 and λn−3, λn−2 ∈
{
(1 ± i
√
3)/2
}
. We can
identify a tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fix(T ) with the tuple (λ3, λ6, . . . , λn−4, λn−3, λn−2) ∈
Ωr+2×
{(
(1 + i
√
3)/2, (1 − i
√
3)/2
)
,
(
(1 − i
√
3)/2, (1 + i
√
3)/2
)}
(whereΩ2 is just a single-
ton). This agains provides two connected components, each one homeomorphic with Ωr+2
which are permuted by the generator A in Lemma 1.
Case m ≥ 4. Let us consider a point λ ∈ Fix(T ). In this case, Mσ,λ(x) = λm−3/(λm−3 − x)
and its set of fixed points is
Fix(Mσ,λ) =
{
p+σ,λ =
λm−3 +
√
λm−3(λm−3 − 4)
2
, p−σ,λ =
λm−3 −
√
λm−3(λm−3 − 4)
2
}
.
As Mσ,λ, of order m ≥ 3, must preserve the set {∞, 0, 1, λ1, . . . , λm−3}, there is an Mσ,λ-
invariant circle Σ containing these points. As ∞, 0, 1 ∈ Σ, it follows that Σ = R ∪ {∞} and
also that Mσ,λ leaves invariant the upper half-plane H. Let pσ,λ ∈ Fix(Mσ,λ) be the fixed
point belonging to the upper half-plane H.
LetC0 (respectively,C1) be the arc of circle starting at pσ,λ and ending at 0 (respectively,
ending at 1) which is orthogonal to the real line. The angle between these two circles at
pσ,λ is 2αλpi/m, for some αλ ∈ {1, 2, . . . ,m − 1} relatively prime with m. This value αλ
determines uniquely the value of λm−3 = λm−3(αλ).
Let Lm be the set of points in {1, 2, . . . , [(m − 1)/2]} relatively primes to m. As Mσ,λ
sends ∞ to 0 and 0 to 1, and it must preserve the orientation on the real line, it follows
that αλ ∈ Lm. Set Fixαλ (T ) ⊂ Fix(T ) the set of of those λ˜ ∈ Fix(T ) with αλ˜ = αλ (so
λ ∈ Fixαλ (T )).
Case (1), that is, n + 1 = m(r + 1). If r = 0, then the tuple (λ1, . . . , λn−2) ∈ Fixαλ (T ) is
uniquely determined by αλ. If r = 1, then (λ1, . . . , λn−2) ∈ Fixαλ(T ) is uniquely determined
by αλ and λ2m−3 ∈ Ω3. If r ≥ 2, then the tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fixαλ (T ) is uniquely
determined by the tuple (λ2m−3, λ3m−3, . . . , λ(r+1)m−3 = λn−2) ∈ Ωr+2. In this way, Fixαλ (T )
is homeomorphic to Ωr+2 (where Ω2 is just a singleton), and the number of connected
components of Fix(T ) is the cardinality of Lm, that is, ϕ(m)/2.
Case (2), that is, n = m(r + 1). If r = 0, the tuple (λ1, . . . , λn−2) ∈ Fixαλ(T ) is uniquely
determined by αλ and the value of λn−2 ∈ Fix(Mσ,λ). If r = 1, then (λ1, . . . , λn−2) ∈
Fixαλ (T ) is uniquely determined by αλ, λ2m−3 ∈ Ω3, and λn−2 ∈ Fix(Mσ,λ). If r ≥
2, then the tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fixαλ(T ) is uniquely determined by the tuple
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(λ2m−3, λ3m−3, . . . , λ(r+1)m−3 = λn−3) ∈ Ωr+2 and λn−2 ∈ Fix(Mσ,λ). In this way, we ob-
tain that Fixαλ (T ) is homeomorphic to two disjoint copies of Ωr+2. These two compo-
nents are permuted by the element Θn(τ), where τ ∈ Sn+1 is such that τ−1στ = σ−1 (so,
Θn(τ) ◦ T ◦Θn(τ)−1 = T−1). In this way, the number of connected components of Fix(T ) is
two times the cardinality of Lm, that is, ϕ(m).
Case (3), that is, n−1 = m(r+1). If r = 0, the tuple (λ1, . . . , λn−2) ∈ Fixαλ (T ) is uniquely
determined by αλ, and the value of the pair (λn−3, λn−2) ∈
{
(p−
σ,λ
, p+
σ,λ
), (p+
σ,λ
, p−
σ,λ
)
}
. If
r = 1, then the tuple (λ1, . . . , λn−2) ∈ Fixαλ (T ) is uniquely determined by αλ, the value
of λ2m−3 ∈ Ω3, and the valuer of the pair (λn−3, λn−2) ∈
{
(p−
σ,λ
, p+
σ,λ
), (p+
σ,λ
, p−
σ,λ
)
}
. If
r ≥ 2, then the tuple (λ1, λ2, λ3, . . . , λn−2) ∈ Fixαλ(T ) is uniquely determined by the tu-
ple (λ2m−3, λ3m−3, . . . , λ(r+1)m−3) ∈ Ωr+2 and (λn−3, λn−2) ∈
{
(p−
σ,λ
, p+
σ,λ
), (p+
σ,λ
, p−
σ,λ
)
}
. We
obtain that Fixαλ (T ) is homeomorphic to two disjoint copies of Ωr+2. These two compo-
nents are permuted by an element Θ(τ) conjugating T to its inverse (as in the previous
case). Again, the number of connected components of Fix(T ) is two times the cardinality
of Lm, that is, ϕ(m).
Let λ, µ ∈ Fix(T ) in different connected components. There are integers αλ, αµ ∈ Lm
such that Mσ,λ = R
αλ
λ
and Mσ,µ = R
αµ
µ , where Rλ (respectively, Rµ) is the Mo¨bius trans-
formation of order m fixing the points pσ,λ and pσ,λ (respectively, fixing the points pσ,µ
and pσ,µ) which is rotation at angle 2pi/m at pσ,λ (respectively, rotation at angle 2pi/m at
pσ,µ). It follows that there are integers βλ, βµ ∈ {1, . . . ,m − 1}, relatively primes to m, so
that Rλ = M
βλ
σ,λ
and Rµ = M
βµ
σ,µ (in fact, αλβλ ≡ 1 mod(m) and αµβµ ≡ 1 mod(m)). The
image under Θn ◦ ξλ of the transformation Rλ is T βλ and the image under Θn ◦ ξµ of Rµ is
T βµ . As T βλ and T βµ both generates the cyclic group 〈T 〉, there is an element S ∈ Gn such
that S ◦ T βλ ◦ S −1 = T βµ . It happens that S sends the set Fixαλ (T ) containing λ to the set
Fixαµ (T ) containing µ. 
Corollary 3. Let T = Θn(σ) ∈ Gn, of order m ≥ 2, with fixed points in Ωn, where n ≥ 4,
and let r ≥ 0 be such that in the decomposition of σ there are (r + 1) cycles of length
m. Then the projection pin(Fix(T )) = Bm,r ⊂ Ωn/Gn is a connected complex orbifold of
dimension r + 2.
Remark 4 (On Patterson’s theorem). Let us assume n ≥ 6. Part (1) on the above theorem
asserts that the locus of fixed points of a non-trivial element Θn(σ) ∈ Gn has dimension r,
where σ is a product of (r + 1) disjoint cycles, each one of length m ≥ 2, with (r + 1)m ∈
{n − 1, n, n + 1}. It can be checked that n − 4 ≥ r, so the codimension of the locus of
fixed points is at least two and, in particular, that B0,[n+1] has codimension at least two.
It follows from [22] that the singular locus of M0,[n+1] coincides with the branch locus,
obtaining Patterson’s theorem [21, Theorem 3].
3.1. Proof of Theorem 1.
(A). Let us denote by B2 the locus in Ωn/Gn obtained as the projection of those points
being fixed by some involution. We proceed to see that it is a connected set. For n ≥ 4 even,
there is only one conjugacy class of involutions in Gn with fixed points, this corresponding
to the permutation
σ = (1, 2)(3, 4) · · · (n − 1, n)(n + 1).
So B2 = pin(Fix(Θn(σ))) = B2,(n−2)/2, which is connected. Let us now assume n ≥ 5 to
be odd. In this case, there are two conjugacy classes of involutions in Gn with fixed points,
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these corresponding to the following two permutations in Sn+1
σ1 = (1, 2)(3, 4) · · · (n − 2, n − 1)(n)(n + 1)
σ2 =
{
(1, 2s + 1)(2, 2s+ 2) · · · (2s − 1, 4s − 1)(2s, 4s)(n, n+ 1), n = 4s + 1
(1, 2s + 1)(2, 2s+ 2) · · · (2s − 1, 4s − 1)(2s, 4s)(n − 2, n − 1)(n, n + 1), n = 4s + 3
The involutions Θn(σ1) and Θn(σ2) induce, respectively, the connected sets B2,(n−3)/2
and B2,(n−1)/2 in Ωn/Gn, so B2 = B2,(n−3)/2 ∪ B2,(n−1)/2. In order to get the connectivity of
B2, we proceed to show that B2,(n−3)/2 ∩ B2,(n−1)/2 , ∅.
As 〈σ1, σ2〉  C22, we have that V4 := 〈Θn(σ1),Θn(σ2)〉  C22. First, let us observe that
[λ = (λ1, . . . , λn−2)] ∈ B2,(n−1)/2∩B2,(n+1)/2 if and only if the set Cλ = {∞, 0, 1, λ1, . . . , λn−2}
is invariant under the Mo¨bius trasnformationsM1(x) = λ1/x and M2(x) = (λ2s −λ2s−2)(x−
λ2s−1)/(λ2s − λ2s−1)(x − λ2s−2) (and none of the points in the set Cλ is fixed by M2). For
instance, invariance under M1 is guaranteed if λ2 j = λ1/λ2 j+1, for j = 1, . . . , (n − 5)/2,
λn−3 =
√
λ1 and λn−2 = −
√
λ1. In this way, we have freedom in the choices for the pa-
rameters λ1, λ3, λ5, . . . , λn−6, λn−4. Now, assuming the above conditions, M2 has order two
exactly if λ1−λ2s−1λ2s+1−λ2s−1+λ2s+1 = 0. Under this extra assumption, we also have that
〈M1,M2〉  C22 , M2(0) = λ2s−1 and M2(λ1) = λ2s+1. If we set λ3 = M2(λ2s+3), . . . , λ2s−3 =
M2(λ4s−3) and, in the case n = 4s + 3, the points λn−4 and λn−5 are the fixed points of
M2 ◦ M1, that λ2s−1 ±
√
λ2
2s−1 − λ1, then Cλ will be invariant under 〈M1,M2〉  C22 as
desired.
(B). Let T ∈ Gn be of even order 2k, where k ≥ 1. If λ ∈ Fix(T ), then λ is fixed under the
involution T k, in particular, pin(Fix(T )) intersects B2.
(C). If T = Θn(σ) has odd order m ≥ 3, then we may assume, up to conjugation, that
(1) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m), if n = (r + 1)m − 1.
(2) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m)(n + 1), if n = (r + 1)m.
(3) σ = (1, 2, . . . ,m) · · · (rm + 1, . . . , (r + 1)m)(n)(n+ 1), if n = (r + 1)m + 1.
As before, pin(Fix(T )) = Bm,r. Let τ ∈ Sn+1 be the permutation, of order (r + 1)m,
defined as
τ(lm + j) = (l + 1)m + j, j = 1, . . . ,m, l = 0, . . . , r − 1,
τ(rm + j) = j + 1, j = 1, . . . ,m − 1, τ((r + 1)m) = 1.
Remark 5. (a) Note that Θn(τ) has a non-empty locus of fixed points, contained inside
the locus of fixed points of T , and: (i) for n = (r + 1)m − 1, τ does not fixes any of the
symbols, (ii) for n = (r + 1)m, τ only fixes n + 1 and (iii) for n = (r + 1)m + 1, τ only fixes
n and n + 1. (b) It can be seen that σ = τr+1, in particular, that B(r+1)m,0 ∩ Bm,r , ∅. (c) If
n ∈ {(r + 1)m − 1, (r + 1)m + 1}, then there is a permutation η ∈ Sn+1 of order two (of the
same conjugacy class of either σ1 or σ2) such that 〈τ, η〉  D(r+1)m.
As a consequence of part (c) of Remark 5, if σ is as in cases (1) or (3), then B(r+1)m,0
intersects B2. Now, part (b) of the same remark asserts that Bm,r ∩B(r+1)m,0 , ∅. It follows
that the sub-locus of B0,[n+1], consisiting of the projections under pin of the points being
fixed by those automorphismsΘn(σ), where σ is either as in (1) or (3), is connected.
In order to obtain connectivity (or not) of B0,[n+1], we need to study the locus of fixed
points of those automorphisms coming from situation (2) above. So, let us assume n =
(r + 1)m and σ as in (2).
The case n ≥ 4 even. By part (b) of Remark 5, Bm,r ∩B(r+1)m,0 , ∅, and by (B) B(r+1)m,0 ∩
B2 , ∅. All the above then asserts that B0,[n+1] is connected.
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The case n ≥ 5 odd. In this case, r ≥ 0 is even and m ≥ 3 odd. If Bm,r∩B2 , ∅, then there
is a point λ ∈ Fix(T ) ∩ Fix(S ), where S = Θn(ρ), ρ ∈ Sn+1 is in the same conjugacy class
of either σ1 or σ2 (so it has no fixed points or exactly two), and 〈σ, ρ〉 being isomorphic to
either a cyclic group, a dihedral group,A4, A5 or S4. The cyclic situation cannot happen
as, in this case, ρ should also have only one fixed point, a contradiction. In the dihedral
situation, ρ will have to permute two fixed points of σ, again a contradiction. In the cases
S4 and A5, there should be an involution in 〈σ, ρ〉 permuting two fixed points of σ, a
contradiction. So the only possible situation is 〈σ, ρ〉  A4, m = 3 and n = 3(1+2(s+2t)),
for a suitable s ∈ {0, 1} and t ≥ 0, in which case, B3,2(s+2t) ∩ B2 , ∅. As, by part (b) of
Remark 5, B3,2(s+2t) ∩ Bn,0 , ∅, we again obtain connectivity of B0,[n+1] in the case n is
divisible by 3.
In the complementary cases, that is, for n ≥ 5 odd, relatively prime to 3, there is not
a permutation in Sn+1 (in the conjugacy class of either σ1 or σ2) normalising 〈σ〉, in
particular, Bm,r ∩ B2 = ∅, for all possibilities n = m(r + 1). As Bn,0 ∩ Bm,r , ∅, we
obtain that B0,[n+1] has exactly two connected components (one containing B2 and the
other containing Bn,0).
4. On the connectivity of the real locusMR
0,[n+1]
: Proof of Theorem 2
In this section we proceed to prove Theorem 2. As previously noted, a symmetry of Ωn
has the form T ◦ J, where T = Θn(σ) ∈ Gn satisfies that T 2 = I (that is, σ2 is the identity
permutation). As J commutes with every element of Gn, two symmetries S 1 = T1 ◦ J and
S 2 = T2 ◦ J are conjugated by elements of Gn if and only if the elements T1 and T2 are
conjugated. It follows that the number of symmetries, up to conjugation by holomorphic
automorphisms, is equal to one plus the number of conjugacy classes of elements of order
two in the symmetric groupSn+1, that is, [(n+ 3)/2] (this provides part (1) of Theorem 2).
Up to conjugacy, we may assume
σ = (1, 2)(3, 4) · · ·(2β − 1, 2β)(2β + 1) · · · (n + 1), β ∈ {0, 1, . . . , [(n + 1)/2]},
where for β = 0 we mean σ the identity permutation. In this case,
(4.1) T (λ1, . . . , λn−2) =

(λ1, . . . , λn−2), β = 0.(
1
λ1
, 1
λ2
, . . . , 1
λn−2
)
, β = 1.(
λ1,
λ1
λ2
,
λ1
λ3
, . . . ,
λ1
λn−2
)
, β = 2.(
λ1,
λ1
λ3
,
λ1
λ2
, . . . ,
λ1
λ2s+1
,
λ1
λ2s
,
λ1
λ2s+2
,
λ1
λ2s+3
,
λ1
λn−2
)
, s = β − 2, β ≥ 3.
and
(4.2) S (λ1, . . . , λn−2) =

(λ1, . . . , λn−2), β = 0.(
1
λ1
, 1
λ2
, . . . , 1
λn−2
)
, β = 1.(
λ1,
λ1
λ2
,
λ1
λ3
, . . . ,
λ1
λn−2
)
, β = 2.(
λ1,
λ1
λ3
,
λ1
λ2
, . . . ,
λ1
λ2s+1
,
λ1
λ2s
,
λ1
λ2s+2
,
λ1
λ2s+3
,
λ1
λn−2
)
, s = β − 2, β ≥ 3.
Let us denote by Fix(S ) ⊂ Ωn the locus of fixed points of a symmetry S . The real locus
MR
0,[n+1]
⊂ Ωn/Gn is the union of all the pin-images of these fixed sets. Set F0 = pin(Fix(J)).
Proposition 1. If S is a symmetry of Ωn, then Fix(S ) , ∅ and every connected component
of Fix(S ) is a real submanifold, of dimension n − 2.
Proof. Up to conjugation by a suitable element of Gn, we may assume S = T ◦ J, where T
and S have the forms as in (4.1) and (4.2), respectively. In this way, λ = (λ1, . . . , λn−2) ∈ Ωn
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is a fixed point of S if and only if T (λ) = λ. Now, as Fix(J) = Ωn ∩ Rn−2 , ∅, we only
need to take care of the case when T is different from the identity (so of order two). Let
λ = (λ1, . . . , λn−2) ∈ Ωn. If β = 1, then λ ∈ Fix(S ) if and only if |λ j| = 1, j = 1, . . .n − 2.
If β = 2, then λ ∈ Fix(S ) if and only if λ1 ∈ (0,+∞) \ {1}, |λ j| =
√
λ1, j = 2, . . . , n − 2. If
β ≥ 3, then λ ∈ Fix(S ) if and only if λ1 ∈ (0,+∞) \ {1}, λ3 = λ1λ2 , λ5 =
λ1
λ4
, . . . , λ2s+1 =
λ1
λ2s
,
and |λ j| =
√
λ1, j = 2s + 2, . . . , n − 2. As in any of the above situations, the equations on
the coordinates have solution, so we are done (see also Remark 6). 
Remark 6 (Fixed points description). The above proof also permits to obtain a description
of the locus of fixed points of the symmetries of Ωn. For each λ = (λ1, . . . , λn−2) ∈ Ωn we
set Cλ = {p1 = ∞, p2 = 0, p3 = 1, p4 = λ1, . . . , pn+1 = λn−2}. Let us consider a symmetry
S = Θn(σ) ◦ J, where σ ∈ Sn+1 is either the identity or a permutation of order two. Then
(1) If σ is the identity, that is, S = J, then λ ∈ Fix(S ) if and only if Cλ ⊂ R ∪ {∞},
that is, Cλ is point-wise fixed by the usual complex conjugation map x 7→ x. In this case,
the connected components of fixed points corresponds to all possible orderings that the
collection {λ1, . . . , λn−2} has in R − {0, 1}. To be more precise, let L be the collection of
triples (I1, I2, I3), where I1 = (i1, . . . , ia), I2 = (ia+1, . . . , ia+b), I3 = (ia+b+1, . . . , in−2) and
{i1, . . . , in−2} = {1, . . . , n − 2} (we permit some of them to be empty tuples). For each tuple
(I1, I2, I3) ∈ L we let L(I1, I2, I3) be the set of points (λ1, . . . , λn−2) ∈ Fix(J) = Ωn ∩ Rn−2
such that λi1 < · · · < λia < 0 < λia+1 < · · · < λia+b < 1 < λia+b+1 < · · · < λin−2 . We may
observe that Fix(J) is the disjoint union of all the sets L(I1, I2, I3), where (I1, I2, I3) ∈ L.
Observe that, for a given tuple (I1, I2, I3) ∈ L as above, we may find an element T =
Θn(σ) ∈ Gn (where the permutation σ is chosen to keep fix each of the indices 1, 2 and 3)
such that T (L(I1, I2, I3)) = L((1, . . . , a), (a+ 1, . . . , a+ b), (a+ b+ 1, . . . , n− 2)) := L. Now,
given a point (λ1, . . . , λn−2) ∈ L, we have the ordered collection
λ1 < · · · < λa < 0 < λa+1 < · · · < λa+b < 1 < λa+b+1 < · · · < λn−2.
We may find a Mo¨bius transformation in PSL2(R) sending λn−4 to 0, λn−3 to 1 and λn−2 to
∞. Such aMo¨bius transformation induces an element T ∈ Gn that sends L to L((1, 2, . . . , n−
2), ∅, ∅). This permits to observe that all the connected components of Fix(J) are Gn-
equivalent.
(2) If σ has order two, it is a product of β ≥ 1 disjoint transpositions, 2β < n + 1, and
fixes each of the points { j1, . . . , jn+1−2β} ⊂ {1, . . . , n+1}, then λ ∈ Fix(S ) if and only if there
is a reflection (that is, conjugated to z 7→ z) keeping invariant the set Cλ and fixing exactly
the n+ 1− 2β points p j1 , . . . p jn+1−2β . In this case, the connected components of fixed points
corresponds to all possible ordering that the collection {p j1 , . . . p jn+1−2β} has in the circle of
fixed points of the reflection.
(3) If n ≥ 5 is odd, 2β = n + 1, and σ is a product of β disjoint transpositions, then
λ ∈ Fix(S ) if and only if there is either an imaginary reflection (that is, conjugated to
z 7→ −1/z) or a reflection keeping invariant the set Cλ (and the reflection fixing none of
them). By considering the model of S as in (4.2), we observe that Fix(S ) has exactly three
connected components:
A1 :=
{
(λ1, . . . , λn−2) ∈ Ωn : λ1 ∈ (−∞, 0), λ2k+1 = λ1
λ2k
, k = 1, . . . , (n − 3)/2
}
A2 :=
{
(λ1, . . . , λn−2) ∈ Ωn : λ1 ∈ (0, 1), λ2k+1 = λ1
λ2k
, k = 1, . . . , (n − 3)/2
}
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A3 :=
{
(λ1, . . . , λn−2) ∈ Ωn : λ1 ∈ (1,∞), λ2k+1 = λ1
λ2k
, k = 1, . . . , (n − 3)/2
}
The component A1 corresponds to the imaginary reflection case and the others two, A2
and A3, to the reflection one. The automorphism L(λ1, . . . , λn−2) = (λ−11 , λ
−1
2
, . . . , λ−1
n−2) ∈
Gn normalizes S and permutes A2 with A3. We may observe that inside each A j there are
points with all of its coordinates being real, in particular, A j ∩ Fix(J) , ∅. It follows, from
Proposition 1, that pin(Fix(S )) consists of exactly two real analytic submanifolds pin(A1)
and pin(A2) = pin(A3), each one of dimension n − 2, each one intersecting F0.
Proposition 2. Let S = Θn(σ) ◦ J be a symmetry of Ωn, where n ≥ 4, and let β ∈
{0, 1, . . . , [(n + 1)/2]} be such that σ is the product of β transpositions.
(1) If 2β , n+1 and F1 and F2 are any two connected components of the locus of fixed
points of S , then there is an element L ∈ Gn, normalizing S , such that L(F1) = F2.
In particular, the locus Fβ := pin(Fix(S )) is a connected real orbifold of dimension
n − 2.
(2) If 2β = n + 1, then Fix(S ) consists of three connected components, A1, A2 and A3
(as described in Remark 6). There is an element L ∈ Gn, of order two and normal-
izing S , permuting the two components A2 and A3. There is no element of Gn that
normalizes S and sending A1 to any of the other two. Each A j intersects Fix(J). In
particular, pin(Fix(S )) consists of two connected real orbifolds of dimension n− 2,
say pin(A1) and F(n+1)/2 := pin(A2) = pin(A3), each of them intersection F0.
(3) If n ≥ 5 is odd, then pin(A1) ∩ Fβ , ∅.
Proof. Up to conjugation, we may assume S to be as in (4.2). Part (1), for the case β = 0
(respectively, part (2)) was already observed in part (1) (respectively, part (3)) of Remark
6.
Let us prove part (1) for β > 0. In the case β = 1, we may see that the different
connected components of Fix(S ) correspond to the many different ways to display the
values λ1, . . . , λn−2 in the unit circle. But, by considering permutations of the form τ =
(1)(2)(3)̂τ ∈ Sn+1, we may see that Θn(τ) normalises the symmetry S and permutes these
connected components. The situation is similar for cases β = 2 and β ≥ 3. In the first case
we need to use the permutations of the form τ = (1)(2)(3)(4)̂τ, τ = (1)(2)(3, 4)̂τ ∈ Sn+1 and
in the second one case we need to use permutations of the form τ = (1)(2)(3)(4)τ1τ2, τ =
(1)(2)(3, 4)τ1τ2 ∈ Sn+1, where τ1 is the identity permutation on the set {5, . . . , 2β} and τ2 a
permutation on the set {2β + 1, . . . , n + 1}.
Part (3) can be checked just by considering the Klein group G = 〈U(z) = −1/z,V(z) =
1/z〉  C2
2
. Then we only need to observe that it is possible to find a G-invariant collection
of n + 1 points with the property that n + 1 − 2β are fixed under the reflection V and the
other 2β are permuted under it. So the result follows from the fixed point description in
Remark 6. 
By Proposition 2 we observe the following. Let S = Θn(σ) ◦ J be a symmetry of Ωn
and β ∈ {0, 1, . . . , [(n + 1)/2} as above.
(1) If 2β , n + 1, then Fβ = pin(Fix(S )) is connected.
(2) If n ≥ 5 is odd and 2β = n + 1, then F(n+1)/2 := pin(A2) = pin(A3) and pin(A1) are
both connected, they intersect and pin(Fix(S )) = F(n+1)/2 ∪ pin(A1).
(3) If n ≥ 4 is even, then the real locusMR
0,[n+1]
is the union the [(n + 3)/2] connected
real orbifolds Fβ, where β ∈ {0, 1, . . . , [(n + 1)/2]}.
(4) If n ≥ 5 is odd, then the real locus is the union the (n+1)/2 connected real orbifolds
Fβ, where β ∈ {0, 1, . . . , (n + 1)/2}, together the extra one pin(A1). The component
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F0 intersects bothF(n+1)/2 and pin(A1) and, moreover, pin(A1) intersects all the other
ones.
The above asserts that in order to study the connectivity of the real locus, we only need
to study the possible intersections between the components Fβ (for n odd we must also
consider the extra component pin(A1)). We call all these sets the “irreducible” components
ofMR
0,[n+1]
. The following result provides conditions for two of the irreducible components
Fβ1 and Fβ2 to intersect.
Proposition 3. Let β1, β2 ∈ {0, 1, . . . , [(n+ 1)/2]}, β1 , β2. Then Fβ1 ∩ Fβ2 , ∅ if and only
if there are integers m ≥ 1 and γ ∈ {0, 1, 2} such that
(4.3) 2m(β1 + β2) = (2m − 1)(n + 1 − γ).
Proof. Let us start noting that Fβ1 ∩ Fβ2 , ∅ is equivalent (see Remark 6) to have a point
λ ∈ Ωn such that the set Cλ is invariant under two reflections, τ1 and τ2, which are non-
conjugated by a Mo¨bius transformation keeping invariant the collection Cλ and
(i) τ1 fixes pointwise n + 1 − 2β1 of the points and permutes 2β1 of them;
(ii) τ2 fixes pointwise n + 1 − 2β2 of the points and permutes 2β2 of them.
The group G = 〈τ1, τ2〉 is a subgroup of the stabilizer of Cλ, so it is a finite group; in
fact a dihedral group of order 2r, where r is the order of τ2 ◦ τ1. As τ1 and τ2 are assumed
to be non-conjugated, necessarilly r = 2m, for some m ≥ 1. In this way, there must be
non-negative integers δ1 and δ2 and γ ∈ {0, 1, 2}, such that on the circle of fixed points of
τ1 there are 2δ1 + γ of the points of Cλ and on the circle of fixed points of τ2 we must see
2δ2 + γ of points of that set, that is (from first parts of (i) and (ii) above),
(∗) n + 1 − 2β1 = 2δ1 + γ, n + 1 − 2β2 = 2δ2 + γ,
and (from the second part of (i) and (ii)) that
(∗∗) 2β1 = 2mδ2 + (2m − 2)δ1, 2β2 = 2mδ1 + (2m − 2)δ2.
Equalities in (∗) impliy that
2δ1 = n + 1 − 2β1 − γ, 2δ2 = n + 1 − 2β2 − γ.
Plugging these in the equalities in (∗∗), we obtain the desired result. 
Remark 7. For equation (4.3) to have a solution, necessarily n + 1 − γ must be divisible
by 2m, in particular: (i) for n even, we have γ = 1 and m a divisor of n/2, and (ii) for n
odd, we have γ ∈ {0, 2} and m a divisor of (n + 1 − γ)/2. So, for instance, (1) F0 ∩ F1 = ∅,
for n ≥ 4, (2) F1 ∩ F2 , ∅, if and only if n ∈ {4, 5, 6, 7} and (3) F0 ∩ Fβ , ∅, if and only if
β ∈ {n − 1, n, n + 1}.
4.1. MR
0,[n+1]
is connected for n ≥ 5 odd.
Proposition 4. If n ≥ 5 is odd, thenMR
0,[n+1]
is connected.
Proof. If β ∈ {0, . . . , (n− 1)/2}, then (n− 1)/2− β ∈ {0, . . . , (n− 1)/2} and , by using m = 1
and γ = 2 in (4.3), we obtain that Fβ ∩ F(n−1)/2−β , ∅. Now, by using m = 1 and γ = 0,
we obtain that F(n−1)/2−β ∩ Fβ+1 , ∅. In this way, we may connect using two edges the
vertices Fβ and Fβ+1, for β ∈ {0, . . . , (n − 1)/2}. Since the component pin(A1) intersects F0
(in fact, it intersects all the other irreducible components), we obtain the connectivity of
MR
0,[n+1]
. 
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4.2. MR
0,[n+1]
is usually non-connected for n ≥ 4 even. In the case n ≥ 4 even, the
connectivity of MR
0,[n+1]
is described by the intersection graph Gn of MR0,[n+1], whose set
Vn of vertices are the values β ∈ {0, 1, . . . , [(n + 1)/2]}. Two different vertices β1, β2 ∈ Vn
are joined by an edge if the irreducible components Fβ1 and Fβ2 intersect. The intersection
graphGn describes how the different irreducible components intersect. Proposition 3 states
necessary and sufficient conditions for two different irreducible components to intersect,
in particular, it permits to describe the edges of the graph intersection Gn. Some of these
graphs are despicted in Figure 1.
0 3 12
(a) G6
051 4
23
(b) G10
0
14
1
13
2
12
3114 10
5
9
6
8
7
(c) G28
Figure 1. Intersection graphs G6,G10 and G28
Proposition 5 (Non-connectedness for n = 2r ≥ 4, r odd). If n = 2r, where r ≥ 5 is an odd
integer, thenMR
0,[n+1]
is not connected. Moreover, for r = p, where p is a prime integer, the
real locusMR
0,[2p+1]
has exactly (p − 1)/2 connected components.
Proof. In this case [(n + 1)/2] = r. By formula (4.3) and part (i) in Remark 7, for β1, β2 ∈
{0, 1, . . . , r}, β1 , β2, the condition Fβ1 ∩ Fβ2 , ∅ is equivalent to have β1 + β2 = (2m −
1)r/m, where m ≥ 1 is a divisor of r (so m must be odd). By taking m = 1, we obtain
that F(r−1)/2 ∩ F(r+1)/2 , ∅. We claim that none of these two can intersect other of the
components. We check this for (r − 1)/2 as for the other the argument is similar. Assume
F(r−1)/2 intersects Fβ for some β , (r+ 1)/2. Then, there must be a divisor m ≥ 1 of r such
that (r − 1)/2 + β = (2m − 1)r/m. It follows that β = (m(3r + 1) − 2r)/2m, and as β ≤ r,
it follows that m ≤ 2r/(r + 1) < 2, a contradiction. If r = p, where p ≥ 3 is a prime, then
formula (4.3) reads as m(β1 + β2) = (2m − 1)p, so m ∈ {1, p}. In this way, Fβ1 ∩ Fβ2 , ∅
if and only if β1 + β2 ∈ {p, 2p − 1}. Using m = 1, we obtain that Fβ ∩ Fp−β , ∅, for every
β ∈ {0, . . . , p}. By using m = p, we obtain that Fβ ∩ F2p−1−β , ∅, for β ∈ {p − 1, p}. It can
be seen that {0, p, p − 1, 1} corresponds to one connected component ofMR
0,[2p+1]
and the
others correspond to the sets {2, p−2}, {3, p−3}, . . . , {(p−1)/2, (p+1)/2}. So, the number
of connected components is exactly (p − 1)/2. 
Remark 8. As it was mentioned by one of the referees, it is possible to state a more precise
description of the connectivity ofMR
0,[n+1]
, for n = 2r and r ≥ 5 odd in a similar way as in
Theorem 3. We leave this task to the curious reader.
Proposition 6. If n = 4p, where p ≥ 2 is a prime integer, thenMR
0,[n+1]
is not connected if
and only if p ≥ 7.
Proof. If A, B ⊂ {0, . . . , 2p}, a map E : A → B is called a connectivity operator if for
β ∈ A we have that Fβ ∩ FE(β) , ∅. Formula (4.3) asserts that Fβ1 ∩ Fβ2 , ∅, for β1, β2 ∈
{0, . . . , 2p}, β1 , β2, if and only if β1 + β2 = (2m − 1)2p/m, where m ∈ {1, 2, p, 2p}. Each
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of the values of m induces a connectivity operator as follows
E1 : β ∈ {0, 1, . . . , 2p} 7→ 2p − β ∈ {0, 1, . . . , 2p},
E2 : β ∈ {p, p + 1, . . . , 2p} 7→ 3p − β ∈ {p, p + 1, . . . , 2p},
Ep : β ∈ {2p − 2, 2p − 1, 2p} 7→ 4p − 2 − β ∈ {2p − 2, 2p − 1, 2p},
E2p : β ∈ {2p − 1, 2p} 7→ 4p − 1 − β ∈ {2p − 1, 2p}.
Using the above connectivity operators, it can be checked that, for k ∈ {3, . . . , p − 3}
and p ≥ 7, the vertices in {k, 2p − k, p + k, p − k} defines a connected component. The
connectivity for cases p ∈ {2, 3, 5} can be checked directly by the connectivity operators.

Remark 9. In the case that n = 4r, where r ≥ 1 is odd, but different from a prime, we may
use Proposition 3 in order to observe thatMR
0,[n+1]
is connected for r = 1, 9, 15, 21, 27, 33
and it is not connected for r = 25, 35. In particular, all the above permit to see that there are
exactly 32 values of n ∈ {4, . . . , 100} having not connected real locus, these values being
given by 10, 14, 18, 22, 26, 28, 30, 34, 38, 42, 44, 46, 50, 52, 54, 58, 62, 66, 68, 70, 74, 76, 78,
82, 84, 86, 88, 90, 92, 94, 98, 100.
Remark 10 (On the field of moduli and fields of definition). The group Gal(C), of field
automorphisms of C, acts naturally on Ωn by the following rule: if ν ∈ Gal(C) and λ =
(λ1, . . . , λn−2) ∈ Ωn, then ν(λ1, . . . , λn−2) := (ν(λ1), . . . , ν(λn−2)). The field of moduliMλ of
the point λ ∈ Ωn is the fixed field of the group {ν ∈ Gal(C) : ν(λ) = T (λ); some T ∈ Gn}. A
field of definition of λ is any subfield K of C such that there is an irreducible non-singular
projective algebraic curve X of genus zero defined over K and there is an isomorphism ψ :
Ĉ→ X such that the set {ψ(∞), ψ(0), ψ(1), ψ(λ1), . . . , ψ(λn−2)} is invariant under the action
of Gal(C/K) (the subgroup of all those field automorphisms of C acting as the identity on
K). It can be seen that Mλ is contained inside every field of definition of it and that it is
the intersection of all its fields of definition [18]. In particular,Mλ ≤ R if and only λ is the
fixed point of an antiholomorphic automorphism of Ωn, and R is a field of definition of λ
if and only if {∞, 0, 1, λ1, . . . , λn−2} is kept invariant under an anticonformal involution of
the Riemann sphere, that is, if and only if λ is a fixed point of a symmetry of Ωn.
5. Acknowledgments
The authors would like to thanks to the anonymous referees for their valuable comments
and suggestions which permited to improve the presentation of this paper.
References
[1] G. Bartolini, A. F. Costa and M. Izquierdo. On the connectivity of branch loci of moduli spaces. Annales
Academiae Scientiarum Fennicae Mathematica 38 (2013), 245–258.
[2] L. Bers. Spaces of Riemann surfaces. Proceedings of the International Congress of Mathematicians (Edin-
burgh, 1958), pp. 349–361.
[3] L. Bers. Uniformization, moduli, and Kleinian groups. Bulletin of the London Mathematical Society 4
(1972), 257–300.
[4] E. Bujalance, J. M. Gamboa and G. Gromadzki. The full automorphism groups of hyperelliptic Riemann
surfaces. Manuscript Math. 79 (1993), 267–282.
[5] P. Buser, M. Seppa¨la¨ and R. Silhol. Triangulations and moduli space of Riemann surfaces with group actions.
Manuscripta Math. 88 (1995), 209–224.
[6] A. F. Costa and M. Izquierdo. On the connectedness of the locus of real Riemann surfaces. Ann. Acad. Sci.
Fenn. Math. 27, No. 2 (2002), 341–356.
[7] A. F. Costa and M. Izquierdo. Maximal order of automorphisms of trigonal Riemann surfaces. J. Algebra
323 (1) (2010), 27–31.
ON THE CONNECTIVITY OF THE BRANCH AND REAL LOCUS OF M0,[n+1] 17
[8] A. F. Costa and M. Izquierdo. Corrigendum to “Maximal order of automorphisms of trigonal Riemann
surfaces” [J. Algebra 323 (1) (2010) 27–31]. J. Algebra 341 (2011), 313–314.
[9] A. F. Costa, M. Izquierdo and A. M. Porto. On the connectedness of the branch locus of moduli space of
hyperelliptic Klein surfaces with one boundary. Int. J. of Math. 28, No. 5 (2017), 1750038, 15 pp.
[10] A. F. Costa and R. A. Hidalgo. On the connectedness of the set of Riemann surfaces with real moduli. Archiv
der Mathematik 110, No. 5 (2018), 305–310.
[11] C. J. Earle and I. Kra. On isometries between Teichmu¨ller spaces. Duke. Math. J. 41 (1974), 583–591.
[12] G. Gonzalez, R. A. Hidalgo and M. Leyton. Generalized Fermat Curves. Journal of Algebra 321 (2009),
1643–1660.
[13] W. Harvey. On branch loci in Teichmu¨ller space. Trans. Amer. Math. Soc. 153 (1971), 387–399.
[14] W. Harvey and C. MacLachlan. On mapping class groups and Teichmu¨ller spaces. Proc. London Math. Soc.
30 (1975), 496–512.
[15] A. F. Costa and R. A. Hidalgo. Automorphisms of non-cyclic p-gonal Riemann surfaces. Mosc. Math. J. 16
No. 4 (2016), 659–674.
[16] R. A. Hidalgo, A. Kontogeorgis, M. Leyton-A´lvarez and P. Paramantzoglou. Automorphisms of the Gener-
alized Fermat curves. Journal of Pure and Applied Algebra 221 (2017), 2312–2337.
[17] J. Igusa. Arithmetic variety of moduli for genus two. Annals of Mathematics 72 (1960), 612–649.
[18] S. Koizumi. Fields of moduli for polarized abelian varieties and for curves. Nagoya Math. J. 48 (1972),
37–55.
[19] X. Lu and S-L. Tan. On the gonality of an algebraic curve and its abelian automorphism groups. Comm.
Algebra 43 No. 4 (2015), 1509–1523.
[20] S. Nag. The complex analytic theory of Teichml¨ler spaces. John Wiley & Sons, New York, 1988.
[21] D. B. Patterson. Some Remarks on the Moduli of Punctured Spheres. American Journal of Mathematics 95,
No. 4 (1973), 713–719.
[22] D. Prill. Local classification of quotients of complex manifolds by discontinuous groups. Duke Math. J. 34
(1967), 375–386.
[23] H. E. Rauch. A transcendental view of the space of algebraic Riemann surfaces. Bulletin of the American
Mathematical Society 71 (1965), 1–39. Errata: ibid., vol. 74 (1968), p. 767.
[24] H. L. Royden. Automorphisms and isometries of Teichmu¨ller space. Advances in the Theory of Riemann
Surfaces, Ann. of Math. Studies 66 (ends L. V. Ahlfors et al.; Princeton University Press, Princeton, NJ,
1971) 369–383.
[25] L. Schneps. Special Loci in Moduli Spaces of Curves. In Galois Groups and Fundamental Groups. MSRI
Publications 41 (2003), 217–275.
[26] M. Seppa¨la¨. Real algebraic curves in the moduli space of complex curves. Comp. Math. 74 (1990), 259–283.
Departamento de Matema´tica y Estadı´stica, Universidad de la Frontera. Temuco, Chile
E-mail address: yasminafernanda@hotmail.com, ruben.hidalgo@ufrontera.cl
